ABSTRACT This study investigates an adaptive estimation and hybrid parallel distribution compensation for non-Gaussian stochastic systems with actuator-sensor compound faults. Type-II fuzzy theory approximates nonlinear dynamical systems with non-Gaussian stochastic outputs and inconsistent response under harsh environments. An estimation observer using fuzzy and improved adaptive laws is proposed to accurately estimate different amplitudes of an actuator fault. In a fault-tolerant controller, the indirect passive compensation factors shield the sensor from the initial fault; therefore, the controller actively compensates for the actuator fault using the estimated information. The output probability density functions then match the expected values. Finally, the Lyapunov functions prove the robust stability and the simulation results indicate the effectiveness of these hybrid methods.
I. INTRODUCTION
Fault diagnosis (FD) and fault-tolerant control (FTC) for complex faults in complex environments can significantly improve system reliability, thereby improving the applicability of the related technologies [1] - [4] . We are committed to studying these key technologies considering compound faults including actuator and sensor faults, system singularity, external disturbance, and output non-Gaussian uncertainty due to harsh environments.
There has been visible progress in the research on FD and FTC of multiple fault types, particularly compound faults. In [5] , the problem of diagnosing compound faults over time was solved using a coupled factorial hidden Markov model-based framework. In [6] , a frequency blind deconvolution algorithm based on an adaptive generalized morphological filter was proposed for extracting useful signals from the signals contaminated by the compound faults. In [7] , the nonlinear FTC and sensor multiple FD for longitudinal dynamics of hypersonic vehicles were designed. In [8] ,
The associate editor coordinating the review of this manuscript and approving it for publication was Sing Kiong Nguang. a composite-loop for the FTC under the compound faults was subsequently developed, where newly developed multivariable integral sliding-mode control was integrated. In [9] , an improved fast spectral kurtosis method combined with the variational mode decomposition was proposed to improve the tracking accuracy for the compound fault. In [10] , an exponentially weighted moving average control chart was constructed to diagnose the compound faults at an early stage. In [11] , a low-complexity state feedback FTC scheme that guarantees the prescribed performance was designed for the actuator and component compound faults. In [12] , an FTC scheme with higher-order sliding mode-based observers was proposed to provide a continuous drive operation, regardless of any sensor faults. In [13] , the robust adaptive FTC addressed the tracking control problem with the prescribed performance to guarantee a rigid system subject to unknown inertia properties, disturbances, actuator faults, and saturation nonlinearities. In [14] - [16] , the actuator and sensor compound faults were considered simultaneously when designing controllers, and a similar approach was applied to the system with multiple complex conditions. Even if there is no fault, the parameter errors, singularity, and disturbances should be considered in the harsh environment. In [17] , based on the singular approach, the coupled model with parameter errors was decomposed, and a nonlinear hybrid controller was proposed for trajectory tracking and vibration suppression. In [18] , a robust sliding mode controller was designed for stabilization of uncertain singular systems with input delay and parameter deviation. In [19] , two linear clearance criteria based on structural singular value theory were proposed for the control law. In [20] , the cooperative output regulation problem was studied for singular multi-agent systems subject to connected switching networks. In [21] - [23] , the inevitable disturbances in the nonlinear systems were considered and the robust controllers were designed to solve the problems of tracking control, FD, and FTC.
Output probability density functions (PDFs) of a nonGaussian stochastic model can display the distribution information of inaccurate outputs, thereby showing the output distribution laws that regular signals cannot exhibit [24] . By tracing the ideal PDF shapes, the stochastic models can achieve more accurate FTC than the classical models. In [25] , a square-root-based algorithm was presented to approximate the output PDF in order to guarantee that PDF was positive. In [26] , the Takagi-Sugeno (T-S) theory linearized nonGaussian nonlinear stochastic systems and a sliding-mode tolerant algorithm compensated for the fault impact on the output PDF. In [27] , a reconfigured tolerant controller generated the output when the post-fault stochastic distribution systems had minimum entropy. In [28] , a robust, adaptive observer-based FD method was proposed for non-Gaussian uncertain stochastic distribution systems based on the linear B-spline. In [29] , an effective FTC strategy with an adaptive distribution compensation control law was proposed in the non-Gaussian systems. This study will use similar compensation methods.
The main contributions of this work can be summarized as follows:
1) Constructing the multi-input multi-output (MIMO) Type II fuzzy non-Gaussian stochastic systems with the singularity and disturbance.
2) Designing an improved adaptive estimation algorithm by integrating actuator fault and fuzzy precondition variable information, which is consistent with the animal predation behavior.
3) Designing the active-passive hybrid FTC for the compound faults: active repair the estimated actuator faults with simultaneously shield the sensor fault without acquiring its information.
A non-Gaussian nonlinear singular stochastic model with external disturbance and compound faults is established using Type-II fuzzy theory in Section II. In Section III, an improved adaptive estimation observer is designed for the actuator fault and the robust stability is proved. In Section IV, an adaptive parallel distribution compensation (PDC) FTC is designed and the robust stability is proved. The novel features of adaptive estimation and FTC in Sections III and IV, namely, fuzzyprey fusion adaptive strategies, are clarified. In Section V, a three-input three-output non-Gaussian stochastic system that can describe an aeroengine or a stochastic attitude vehicle is employed as the controlled object, and the effectiveness of the FTC under the different fault amplitudes are examined.
II. MODEL
Using the Type-II fuzzy method and considering the singularity, the state equations and weight output equations of non-Gaussian stochastic systems with actuator faults are established as
Rule
where: ξ ij (i = 1, 2, . . . , p; j = 1, 2, . . . , s) is interval type II fuzzy set, x(t) ∈ R n×1 is the state vector, u(t) ∈ R m×1 is the control input vector,F tvs (t) ∈ R m×1 is the actuator fault vector, V (t) ∈ R n−1×1 is the weight vector obtained by multiplying the dimensionality reduction matrix and the state vector, and d(t) ∈ R m×1 is the cascade deviation disturbance.
are the parameter matrices, where D i is a dimensionality reduction matrix, E ∈ R n×n is the singular matrix and satisfies rank(E) = r < n. The triggering strength of each fuzzy rule can be expressed as
where
represents the upper membership, and ω i,low (x(t)) is the lower membership. The upper and lower membership functions are represented by µ ξ ij ,up (x j (t)) and µ ξ ij ,low (x j (t)), respectively. The global Type-II fuzzy model of non-Gaussian stochastic systems with actuator and sensor initial faults can be expressed as
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where ν i (x(t)) is the weight coefficient and satisfies 0 ≤ ν i (x(t)) ≤ 1; (6) is the output PDFs generated by the linear B-spline equations with C(ρ +c) ∈ R ι×n−1 , T (ρ +c) ∈ R ι×1 , and 
where φ lβ (ρ c l ) is the β-th basis function of the l-th output, y c is the output real-time measurement with the sensor initial fault. The actuator fault is defined as
where F tvs (t) is the intermittent fault with step-varying characteristics, F σ (t) is the value in the fault time interval, F σ,inc (t) is the value in the incipient amplitude interval, and F σ,non−inc (t) is the value in the residual amplitude interval. σ = 1, . . . , σ 0 is the number of fault windows. · 2 is the second-order norm. d(t) is the mean deviation disturbance defined as
where white(t) is the white noise, g = 1, . . . , m . kg is the deviation cascade factor. Remark 1: The initial sensor fault already exists while being bought. The engineering background of (15)∼ (17) is the deformation and interference of the internal electromechanical systems, intermittent fluid resistance, and electromagnetic interference of the environment. The long-time fault occurrence windows are mostly caused by the environment, and different environmental factors lead to different amplitudes (F inc (t) and F non−inc (t)).
Assumption 1: The faults and disturbance are bounded, that
Assumption 2: System (5) is regular and pulseless, i.e.
The simplified global Type-II fuzzy model can be expressed as
Eẋ(t) = A(t)x(t) + B(t)u(t) + H (t)F tvs
And γ (ρ c , u(t)) satisfies
where γ (ρ, u(t)) is the PDFs when the sensor initial fault is not considered, and γ (ρ c , u(t)) are the errors owing to the sensor initial fault. γ (ρ c , u(t)) is the actual output PDFs.
III. ACTUATOR FAULT ESTIMATION
Industrial designs show that the initial sensor amplitude is small, and it usually does not require an estimation algorithm. However, if the actuator fault has a large amplitude and complex time-varying characteristics, it is necessary to design an actuator fault estimation strategy. we design a Type-II fuzzy estimation observer as (24) wherex(t) is the state estimation, ε sum (t) is the residual, F tvs (t) is the actuator fault estimation, L i is the observer gain matrix, prey { i1 } and prey { i2 } are the estimation learning rates consistent with the improved predation strategy and are determined by Theorem 1. σ mag (·) is a linear magnification function that provides an accurate feedback signal to the observer. ε sum (t) satisfies (27) where ε(t) and ε(t) cannot be separated directly. ε(t) represents the residual without the measurement errors. Let
According to equations (22) and (28), the observation error system is obtained as
is the basis function integral matrix when the sensor initial fault is not considered.
Similarly, the estimation error equation is obtained aṡ
Definition 1: The reference control input is defined as
Theorem 1: When the proper dimension parameters C i1 , C i2 , R i , prey{ i1 }, prey{ i2 }, and λ µ > 0(µ = 1, 2) are determined, there exists a symmetric matrix P for all i = 1, . . . , q that satisfies
and the fuzzy observer gain is L i = P T R i , then error observation system (30) is robust stable and satisfies
where θ 11 and θ 12 are given by
Proof: Select the Lyapunov function candidate as
Assume V 1 (0) = 0 and combine (30)(34), the first derivative of V 1 (t) can be expressed aṡ
Substitute (34) to (42), (43) can be derived aṡ
Based on (43), the robust performance indicator is derived as
In (46), C i3 , 11 , and 12 satisfy
} (49) Applying the Schur lemma to inequality (37), we obtain 1 < 0. Therefore, the following inequality is obtained: 
When T → ∞ and V 1 (T ) ≥ 0, inequality (51) can be expressed as
52) Therefore, the following conclusion can be obtained: Therefore, the designed observer can effectively estimate actuator faults under the disturbance and sensor initial fault, which create conditions for active FTC.
IV. COMPOUND FTC AND PREY STRATEGY
Based on the characteristics of compound faults with actuator and sensor initial faults, an improved fusion variable parameter compensation algorithm is used to repair the systems.
Remark 2: The expected PDFs are generated by ground tests without considering the sensor initial fault, but to simplify the model, we use uniform basis function matrices and compensate for the impact of this simplification by adjusting the expected weights. The effect of the sensor initial fault on the PDFs using B-spline functions is replaced by the effect of expected weight adjustment on PDFs. The correspondence between the two effects can be obtained through ground tests.
When the B-spline functions are determined, according to Remark 2, the output angle PDF shapes only depend on the weights, so the PDFs tracking is converted into the weights tracking. The expected PDFs are expressed as
where V expe is the expected weight vector. The tracking errors of PDFs E(ρ c , u(t)) are defined as
where e v (t) = V (t)-V expe is the weight error vector. Obviously, if e v (t) converges to a sufficiently small constant, E(ρ c , u(t)) will have a similar convergence. When faults exist, the designed controller ensures that systems achieve the performance without fault and the output PDFs accurately track the given distributions. System (22) can be represented as
z(t)+B i u(t)+H i F tvs (t)+d 1 (t)) (56)
where:
Assumption 3: A suitable dimension matrix M satisfies B(t)M =H (t).
The PDC fuzzy-prey adaptive FTC in the fault environment is
− MF tvs (t) (57) where: prey{ i } is the gain matrix that obeys the prey adaptive rules, and i3 and i4 are the compensation factors. e ftc satisfies
e ftc contains the influence of the sensor initial fault on the tracking errors of the output PDFs. i3 and i4 are introduced to shield this effect. From the closed-loop dynamic systems (56) and (57), (59) can be obtained as
Definition 2:
The system reference input is defined as
where C i6 is a parameter matrix with proper dimensions. Theorem 2: When λ 4 > 0, proper dimension matrices C i6 and N i2 are determined, and there exists a matrix X 2 > 0 for all i = 1, 2, . . . , q that satisfies:
Then, the closed-loop system (59) is robust and stable and the robust performance H∞ satisfies
In ij :
Proof: Select the generalized Lyapunov function candidate as
Assume V 2 (0) = 0. Combining (59) and (61), the derivative of V 2 (t) can be expressed aṡ
When d 2 (t) = 0, it can be known from (62) and (63) that the following inequality holds
HenceV 2 (t) < 0. So, when d 2 (t) = 0, the closed-loop system (59) has a large-scale asymptotic stability. If d 2 (t) =0, (69) is obtained as
Applying Schur's lemma to inequalities (62) and (63), we obtain: S 2 < 0. Hence
Taking integral to both sides of the inequality (74): (75) can be written as
Finally the following conclusions can be obtained as
Theorem 2 is proved. Replacing x(t), e ftc and F tvs (t) in (57) with, and we can obtain a practical PDC fuzzy-prey fusion adaptive tolerant controller: 
The idea of prey strategy originates from the animal hunting process on the grassland. Taking cheetah/antelope as an example, there are three correspondences in the predation process: cheetah (progressive, far) → antelope (safe, static); cheetah (progressive, close) → antelope (safe, static) or (threat, run); cheetah (run, close) → antelope (threat, run). The antelope can easily and efficiently cope with the complex predation state in two ways. So the prey strategy is a simple adaptive strategy. Replace cheetah with fault, antelope with controller, Table 1 gives the corresponding relationship in the insensitive prey strategy. Where i1 , i2 , i11 , i21 , i12 , i22 are the LMI-compliant adaptive learning rates, is a threshold that is approximately zero.
Remark 3: According to the characteristics of prey strategy, the boundary state of judging threat from cheetah (slow approach, close) corresponds to the boundary state interval in which the controller determines the fault magnitude, as shown in Table 1 and 2. The insensitive prey controller determines that the faults in the interval have little effect and hence do not change the learning rates. The sensitive prey controller is the opposite.
The algorithm steps are as follows:
Step 1: Fault amplitude is less than or equal to κ, no fault, parameters are set to i1 / i11 / i21 .
Step 2: Fault amplitude is larger than κ and less than or equal to 0.1 x(t) 2 , incipient fault, parameters are insensitive and set to i1 / i11 / i21 .
Step 3: Fault amplitude is larger than 0.1 x(t) 2 , large value fault, parameters are set to i2 / i12 / i22 .
Step 4: Return to Step 1 without modifying content.
Based on Table 1 and 2, (24) and (57) are improved to the fuzzy-prey fusion adaptive estimation and FTC:
where prey{·} is the fusion adaptive functions designed according to the fuzzy and prey strategies that satisfy:
The MIMO non-Gaussian stochastic systems can express the control process such as multi-axis vibration control of parallel servo systems, and stochastic attitude aircraft control. Referring to the general hypersonic vehicle attitude models, We select a 3-input 3-output non-Gaussian stochastic system to verify the algorithms presented in this paper. The B-spline functions are set as
where 2 , c l satisfies: c l = 0.05, and I O satisfies: Setting the prerequisite variable of Type-II fuzzy system as x 2 , the membership functions are:
Define two fuzzy rules:
According to the definition of the actuator time-varying step fault, the value of F tvs (t) is
Considering σ 0 = 2, and set the fault window intervals, the fault assignment is given as
otherwise Table 3 summarizes the tracking performance indicators of the three actuator faults in four periods, including static error E T1,fd , E T2,fd , E T3,fd and E T4,fd and response time T T1,fd , T T2,fd , T T3,fd and T T4,fd . Fig. 2 shows that the estimation algorithm can effectively track the three elements of the actuator fault vector.
According to Theorem 2, the gain matrices can be determined including the parameters that are freely adaptable and satisfy the calculation results: 11 Table 4 summarizes the tracking performance indicators of three output PDFs in four periods, including static error E T1,ftc , E T2,ftc , E T3,ftc and E T4,ftc and response time T T1,ftc , T T2,ftc , T T3,ftc and T T4,ftc . Static error: the maximum deviation of the actual threedimensional PDF surface from the ideal three-dimensional PDF surface after stabilization, response time: the corresponding time of the earliest time profile function that any deviation between actual and ideal PDF values is in 3%. Table 4 shows that the performance index of time period T2 is the worst but still fast and accurate and remains within the engineering allowable range. Fig. 3 shows the results of FTC in T2.
Figs. 3(a)-(c) show the tracking results of the three output PDFs at t = 55 s. Since the shape of the second fault window is same as that of the first one, only the first one is shown. In order to fully display the tracking results of PDFs, Figs. 4(a)-(c) show the three-dimensional tracking results of FTC. It is obvious that, regardless of whether there is a fault, the output PDFs can accurately track the given PDFs at any time.
VI. CONCLUSION
This paper considers systems with multiple stochastic outputs, singularity and disturbance to establish non-Gaussian stochastic systems. An active-passive hybrid FTC scheme is designed for the compound faults with actuator and sensor initial faults. Using the improved adaptive PDC FTC strategies to control the systems is a novel and practical strategy. Both the estimation observer and FTC systems are proven to be robust and stable. In the actuator fault estimation and compound FTC algorithms, the adaptive learning rates fuse fault amplitude and fuzzy premise variable information, ensure reliable and flexible control. Simultaneously the passive compensation factors effectively shield the sensor initial fault. The effectiveness of fault estimation and FTC are verified by the simulation. Finally, the output PDFs match the expected PDFs. This technique can address the issues with control of multiple stochastic output systems such as stochastic attitude hypersonic flight vehicles and aeroengine plume.
